Higher Order Finite Elements on Sparse Grids^�

H.-J. Bungartz^y

Abstract — Zusammenfassung

Higher Order Finite Elements on Sparse Grids. We present a general technique to construct hierarchical bases of higher order suitable for sparse grid methods without increasing the number of degrees of freedom. For the solution of elliptic partial differential equations, this approach allows us to profit both from the efficiency of sparse grid discretizations and from the advantages of higher order basis functions with regard to their approximation accuracy.

We report the results of some first numerical experiments concerning piecewise biquadratic hierarchical basis functions.

AMS(MOS) Subject Classifications: 65N22, 65N30, 65N50

Key words: Finite element method, hierarchical bases, higher order techniques, partial differential equations, sparse grids.

Finite Elemente höherer Ordnung auf dünnen Gittern. Wir stellen ein Verfahren zur Konstruktion hierarchischer Basen höherer Ordnung vor, die für den Einsatz in Dünngitteralgorithmen geeignet sind und nicht zu einer Erhöhung der Anzahl der Freiheitsgrade führen. Im Zusammenhang mit der Lösung elliptischer partieller Differentialgleichungen erlaubt es dieser Ansatz, sowohl die Effizienz von Dünngitterdiskretisierungen als auch die Vorteile von Basisfunktionen höherer Ordnung hinsichtlich ihrer Approximationsgenauigkeit zu nutzen.

Für den Fall stückweise biquadratischer hierarchischer Basisfunktionen werden die Ergebnisse erster numerischer Experimente diskutiert.

1 Introduction

Since their presentation in 1990 [17], sparse grids have turned out to be a very interesting approach for the efficient solution of elliptic partial differential equations and for a lot of other topics in numerical analysis like numerical integration [4] or FFT [13]. In comparison to the standard full grid approach, the number of grid points can be reduced significantly from O(N^d) to O(N(log_2(N))^{d−1}) or even O(N) in the d-dimensional case, whereas the accuracy of the sparse grid interpolant and of the approximation to the solution of the given boundary value problem, resp., is

∗This work is supported by the Bayerische Forschungsstiftung via FORTWIHR — The Bavarian Consortium for High Performance Scientific Computing.

†Institut für Informatik der Technischen Universität München, D-80290 München, Germany.

only slightly deteriorated: For piecewise d-linear basis functions, an accuracy of the order O(N^{−2}(log_2(N))^{d−1}) with respect to the L_2- or the maximum norm and of the order O(N^{−1}) with respect to the energy norm has been shown [6]. Furthermore, regular sparse grids can be extended in a very simple and natural manner to adaptive ones, which makes the hierarchical sparse grid concept applicable to problems that require adaptive grid refinement, too.

For the two-dimensional case, the results mentioned above show that, apart from the logarithmic factor and with respect to the L_2-norm, sparse grid techniques with piecewise bilinear (biquadratic, bicubic, . . .) hierarchical basis functions correspond to full grid methods of fourth (sixth, eighth, . . .) order. In the three-dimensional case, the gain in order is even more impressive. Therefore, sparse grids are wellsuited for the efficient realization of higher order finite element methods. Finally, por h-p-version-type algorithms on sparse grids seem to be a very promising approach that allows us to profit both from the sparse grid efficiency, from the advantages of usual h-adaptivity, and from the improved approximation quality of higher order basis functions.

In this paper, first, a short introduction to sparse grid methods recalls their most important properties. Then, a new concept for generating higher order hierarchical bases on sparse grids is presented, followed by some first numerical results for the case of piecewise biquadratic basis functions. Finally, some concluding remarks and an outlook on further work to be done will close the discussion.

2 Sparse Grids

The use of hierarchical bases for finite element discretizations as proposed by Yserentant [16] and Bank, Dupont, and Yserentant [3] instead of standard nodal bases stood at the beginning of the sparse grid idea, together with a tensor-product-type approach for the generalization from the one-dimensional to the d-dimensional case. For the corresponding subspace splitting of a full grid discretization space in two dimensions with piecewise bilinear hierarchical basis functions as in figure (1), it can be seen that the dimension (i. e., the number of grid points) of all subspaces with i_1 + i_2 = c is 2^{c−2}. Furthermore, it has been shown in [6] that the contribution of all those subspaces with i_1 + i_2 = c to the interpolant of a function u is of the same order O(2^{−2c}) with respect to the L_2- or maximum norm and O(2^{−c}) with regard to the energy norm, if u fulfills the smoothness requirement^{∂4u}_{∂x21∂x2} ∈ C^0(Ω̄)

for the two-dimensional and^{∂2du}_{∂x21...∂x2d} ∈ C^0(Ω̄) for the general d-dimensional case, respectively. Here, Ω denotes the underlying domain. Therefore, it turns out to be more reasonable to deal with a triangular subspace scheme as given in figure (2) instead of using the quadratic scheme of figure (1). This leads us to the so-called sparse grids. For a formal definition of sparse grids, see [6] or [17], e.g.

Besides the regular sparse grids that result from skipping certain subspaces according to figure (2), adaptive grid refinement can be realized in the sparse grid context in a very straightforward way. Since we use recursive dynamic data structures like

Figure 1: Subspace splitting of a full grid space.

Figure 2: Subspace splitting of a sparse grid space.

binary trees for the implementation, and since the value of a hierarchical basis function, the hierarchical surplus, can be used itself to indicate the smoothness of u at the corresponding grid point and, consequently, the necessity to refine the grid here, no additional work has to be done to implement adaptive refinement. Figure (3) shows a two-dimensional regular sparse grid and a three-dimensional adaptive one with singularities at the re-entrant corner and along the edges. Speaking about the most important properties of sparse grids, we at least have to look at the number of grid points involved and at the approximation accuracy of piecewise d-linear hierarchical basis functions on sparse grids. For a detailed

Figure 3: Regular and adaptive sparse grid.

analysis, we once again refer to [6] and [17]. For a d-dimensional problem, the approach described above and illustrated in figure (2) leads to regular sparse grids with O(N(log_2(N))^{d−1}) grid points, if N denotes the number of grid points in one dimension (i. e.,^1_N is the smallest mesh width occurring). A variant also discussed in [6] even leads to regular sparse grids with O(N) grid points. These results have to be compared with the O(N^d) points of regular full grids. Concerning the approximation quality, the accuracy of the sparse grid interpolant is only slightly deteriorated from O(N^{−2}) to O(N^{−2}(log_2(N))^{d−1}) with respect to the L_2- or maximum norm. With regard to the energy norm, both the sparse grid interpolant and the finite element approximation to the solution of the given boundary value problem stay of the order O(N^{−1}).

Thus, sparse grids enable us to gain a factor of 2 in accuracy for arbitrary number d of dimensions by just doubling the number of grid points. Since the smoothness requirements can be overcome by adaptive grid refinement, sparse grids are a very efficient approach for the solution of partial differential equations.

Recently, the class of problems that can be treated with sparse grid methods has been significantly extended. First experiments with time-dependent problems have been reported by Balder et al. in [2], Pflaum [14] generalized the algorithm for the solution of the Poisson equation to the case of general elliptic differential operators of second order in two dimensions, and Dornseifer developed a mapping technique to deal with curvilinear domains. Furthermore, systems of equations like the Stokes equations are the focus of present sparse grid interest.

A first step towards higher order techniques on sparse grids has been done by Störtkuhl [15]. He uses piecewise bicubic hierarchical Hermite polynomials for the solution of the biharmonic equation. This approach with C^1-elements leads to continuous and differentiable sparse grid functions and needs four degrees of freedom per grid point. In the following, we present an alternative approach based on C^0- elements with still one degree of freedom per grid point.

3 A Concept for Generating Higher Order Hierarchical Bases on Sparse Grids

3.1 A Quadratic Hierarchical Basis

For reasons of clarity, let us study the one-dimensional case of a regular grid with N grid points, N = 2^n + 1, n ∈ IN, and N values to be interpolated, first. For the construction of a piecewise quadratic interpolant, one has to fix three degrees of freedom in each interval between two neighbouring grid points. This leads to a total of 3N − 3 degrees of freedom for the whole problem. It is well-known that quadratic splines are perhaps the most common way to construct a suitable interpolant. With splines, we need N degrees of freedom to get an interpolant and twice N − 2 degrees of freedom to make the interpolant both continuous and differentiable at the inner grid points. With one more condition fixed (some kind of boundary condition, e. g.), the interpolant is definitely determined. Thus, the higher order of the polynomials used leads to more smoothness of the interpolant. This effect is especially attractive, if smooth functions are to be interpolated, or if partial differential equations of higher order (like the biharmonic equation, e. g., see [15]) have to be solved. However, in a lot of other situations (like the numerical treatment of singularities, e. g.), it seems to be neither necessary nor desirable.

Therefore, we suggest a construction that leads to an interpolant (N degrees of freedom) which is only continuous (N − 2 degrees of freedom). The remaining N −1 degrees of freedom are fixed by interpolation conditions outside the respective interval. For instance, the parabolic interpolant between two neighbouring grid points i and i + 1, 1 ≤ i ≤ N − 1, could be determined by either the values at the grid points i − 1, i, and i + 1 (if i > 1) or the values at the nodes i, i + 1, and i + 2 (if i < N − 1) or even the values at the grid points i, i + 1, and an arbitrary third point. Since we want to define hierarchical bases, it turns out to be the best choice to determine the third grid point for interpolation by means of an hierarchical criterion: If i is a grid point on the finest level only, i. e., if i is even, then i − 1, i, and i + 1 are taken into account. If, on the other hand, i is a coarse grid point (i. e. odd) and if, thus, i + 1 does appear on the finest grid only, then i, i + 1, and i + 2 are the points chosen for interpolation. The result of this approach is shown in figure (4). On the intervals [2k + 1, 2k + 3], 0 ≤ k ≤ (N − 3)/2, the resulting overall interpolant is quadratic, but at the (coarse) grid points 2k + 1, it may be not differentiable.

Starting from these considerations, we now introduce a piecewise quadratic hierarchical basis. To explain the principles, we first look at the well-known piecewise linear case in one dimension. If we add appropriate basis functions at the coarse grid points to the hierarchical basis functions of each level, we get nested spaces of piecewise linear functions on the different levels (see figure (5)). Here, a coarse grid function can be constructed by summing up three neighbouring fine grid functions with the weights^1_2 , 1, and^1_2 . This is important for a simple switch from one level to another, and it is necessary for the efficient implementation of sparse grid

Figure 4: Piecewise quadratic C^0-interpolant.

algorithms.

Figure 5: Linear hierarchical basis and nodal point bases on each level.

The quadratic case turns out to be a little bit more complicated, because it is not possible to get a quadratic basis function on the coarse grid as a weighted sum of three neighbouring quadratic basis functions on the fine grid. However, if we sum up two quadratic fine grid functions with the weight^1_4 and one standard piecewise linear coarse grid function with the weight 1 as indicated in figure (6), we get the desired quadratic function on the coarse grid.

Figure 6: Switching from fine to coarse level with quadratic hierarchical basis functions.

Now, figure (7) shows our piecewise quadratic hierarchical basis (solid lines), together with the extension to a nodal point basis on each level (dashed lines). Note that each of these nodal bases consists of basis functions whose supports vary in size.

Figure 7: Quadratic hierarchical basis and nodal point bases on each level.

As in the linear case, the generalization to a d-dimensional piecewise d-quadratic hierarchical basis with d > 1 is done by the tensor product approach that is typical for the sparse grid context.

Another important problem we have to deal with is the question how to calculate the (quadratical) hierarchical surplus. Again, we first look at the one-dimensional case. The linear hierarchical surplus v^{(l)}_m in a grid point m with hierarchical neighbours e(m) and w(m) is given by

v^{(l)}_m = u_m − 1 2 · ( u_{e(m)} + u_{w(m)} ) , (1)

where u_m, u_{e(m)}, and u_{w(m)} denote the values of the underlying function u at the respective grid points. Remember that the hierarchical neighbours of a grid point m are just the two ends of the support of the hierarchical basis function located in m. The corresponding formula for the quadratic hierarchical surplus v^{(q)}_m depends on the hierarchical relations of the involved grid points. Figure (8) illustrates the situation if e(m) is the father of m (with respect to the underlying binary tree) and if e(e(m)) is the father of e(m). A short calculation leads to

v^{(q)}_m = − 3 8 · u_{w(m)} + u_m − 3 4 · u_{e(m)} + 1 8 · u_{e(e(m))} = ( − 1 2 · u_{w(m)} + u_m − 1 2 · u_{e(m)} ) − 1 4 ( − 1 2 · u_{w(m)} + u_{e(m)} − 1 2 · u_{e(e(m))} ) , i. e., the quadratic hierarchical surplus at a grid point m can be easily calculated with the help of the linear hierarchical surplus at m and the linear surplus at the father of m: v^{(q)}_m = v^{(l)}_m − 1 4 · v^{(l)}_{e(m)}. (2)

Thus, as in the linear case, nothing else has to be stored than the linear hierarchical surplus. Again, the tensor product approach leads to a generalization of this result

Figure 8: Linear and quadratic hierarchical surplus.

to the d-dimensional case with d > 1. For d = 2, e.g., we immediately get

v^{(q)}_m = v^{(l)}_m − 1 4 · v^{(l)}_{e(m)} − 1 4 · v^{(l)}_{n(m)} + 1 16 · v^{(l)}_{ne(m)}, (3)

where e(m) denotes the father of m in x-direction, n(m) the father of m in ydirection, and ne(m) the father of n(m) in x-direction (see figure (9)). For arbitrary d, the quadratic hierarchical surplus is given by v^{(q,d)}_m = [ 1, − 1 4 ]d · v^{(l,d)}_• . (4)

Figure 9: Calculation of the quadratic hierarchical surplus for d = 2.

3.2 Theoretical Results

Now, we turn to the approximation properties of sparse grids with the quadratic hierarchical basis introduced above. To this end, we study the behaviour of the 8 interpolation error with respect to the L_2-, the maximum, and the energy norm. According to finite element theory, the latter one gives insight into the error of the finite element solution, too.

In the main, the notation and the argumentation follow the linear case from [6]. Because of (2) and (4), we look at

J^{(q,1)}_m := J^{(l,1)}_m − 1 4 · J^{(l,1)}_{e(m)} (5)

for the one-dimensional case or

J^{(q,d)}_m := [ 1, − 1 4 ]d · J^{(l,d)}_• (6)

for the general d-dimensional case. Here, for some sufficiently smooth function u^{(d)} of d independent variables, J^{(l,d)}_m is the integral well-known from linear sparse grid theory,

J^{(l,d)}_m :=

∫ +h_1 −h1 ... ∫ +h_d −hd ( d∏ j=1 −h_j 2 · w_j(x_j) ) · ∂^{2d}u^{(d)}(x_1, ..., x_d) ∂x^2_1 ... ∂x^2_d dx_d ... dx_1, (7) at a grid point m (here normed to 0) with assigned piecewise linear hierarchical basis function ∏d j=1 w_j(x_j),

w_j(x_j) := hj+xj hj , if − h_j ≤ x_j ≤ 0, hj−xj hj , if 0 ≤ x_j ≤ h_j, 0 otherwise. (8)

Since we know from [6] that J^{(l,d)}_m is just the linear hierarchical surplus v^{(l,d)}_m at point m, we get

J^{(q,d)}_m = [ 1, − 1 4 ]d · J^{(l,d)}_• = [ 1, − 1 4 ]d · v^{(l,d)}_• = v^{(q,d)}_m . (9)

In the following, we study the situation for d = 1, first. Together with (7) and (8) for d = 1, (5) leads to

J^{(q,1)}_m = J^{(l,1)}_m − 1 4 · J^{(l,1)}_{e(m)} = ∫ 3h_1 −h1 t_1(x_1) ·

∂^2u^{(1)}(x_1)

∂x^2_1 dx_1, where e(m) again denotes the hierarchical father of m with assigned support [−h_1, 3h_1] and t_1(x_1) := 1 8 · −3x_1 − 3h_1, if − h_1 ≤ x_1 ≤ 0, 5x_1 − 3h_1, if 0 ≤ x_1 ≤ h_1, −x_1 + 3h_1, if h_1 ≤ x_1 ≤ 3h_1.

(10)

By partial integration for each sub-interval [−h_1, 0], [0, h_1], and [h_1, 3h_1], and by

elimination of the resulting h^2_1-terms (which is possible here in contrast to the linear

case), we get

J^{(q,1)}_m = −

∫ 3h_1 −h1 T_1(x_1) ·

∂^3u^{(1)}(x_1)

∂x^3_1 dx_1, (11)

where

T_1(x_1) := 1 16 · −3x^2_1 − 6h_1x_1 − 3h^2_1, if − h_1 ≤ x_1 ≤ 0,

5x^2_1 − 6h_1x_1 − 3h^2_1, if 0 ≤ x_1 ≤ h_1,

−x^2_1 + 6h_1x_1 − 9h^2_1, if h_1 ≤ x_1 ≤ 3h_1.

(12)

Together with (6) and (7), this result can be used to derive the generalization for

the d-dimensional case. After a short calculation, we get

J^{(q,d)}_m = (−1)^d ·

∫ 3h_1 −h1 ... ∫ 3h_d −hd ( d∏ j=1 T_j(x_j) ) · ∂^{3d}u^{(d)}(x_1, ..., x_d) ∂x^3_1 ... ∂x^3_d dx_d ... dx_1, (13) where T_j(x_j) is defined in an analogous way to (12).

With (9) and (13), we are able to give two bounds for the quadratic hierarchical

surplus v^{(q,d)}_m : | | |v^{(q,d)}_m | | | = | | |J^{(q,d)}_m | | | ≤ ‖ ‖ ‖ ‖ ∂^{3d}u^{(d)} ∂x^3_1...∂x^3_d ‖ ‖ ‖ ‖ ∞ · 1 2^d

· h^3_1 · ... · h^3_d (14) and | | |v^{(q,d)}_m | | | = | | |J^{(q,d)}_m | | | ≤ ‖ ‖ ‖ ‖ ‖ ∂^{3d} ( u^{(d)} · φ^{(d)}_m ) ∂x^3_1...∂x^3_d ‖ ‖ ‖ ‖ ‖ 2 · ( 17 160 )d/2 · h^{5/2}_1 · ... · h^{5/2}_d , (15)

where φ^{(d)}_m (x_1, ...x_d) denotes the characteristic function of the support of the basis

function located at point (h_1, ..., h_d), if m is normed to the origin.

Finally, we have to calculate the L_2- and maximum norm of the d-quadratic hier-

archical basis function ∏d j=1 g_j(x_j),

g_j(x_j) =

(h_j − x_j) · (x_j + h_j)

h^2_j , −h_j ≤ x_j ≤ h_j, (16) which is now used instead of the piecewise d-linear ∏d j=1 w_j(x_j) defined in (8). We get ‖ ‖ ‖ ‖ ‖ d∏ j=1 g_j(x_j) ‖ ‖ ‖ ‖ ‖ ∞ = 1, ‖ ‖ ‖ ‖ ‖ ‖ d∏ j=1 g_j(x_j) ‖ ‖ ‖ ‖ ‖ ‖ 2 = ( 16 15 )d/2 · h^{1/2}_1 · ... · h^{1/2}_d . (17)

Now, we are ready to apply standard sparse grid approximation theory to the situation of piecewise d-quadratic hierarchical basis functions. We are first interested in the difference between a sufficiently smooth function u^{(d)} and its piecewise dquadratic sparse grid interpolant ũ^{(d)}_{n,I} of level n with smallest occurring mesh width 2^{−n}. Analogously to the linear case, (14), (15), and (17) lead to ‖ ‖u^{(d)} − ũ^{(d)}_{n,I} ‖ ‖ ∞ ≤ ‖ ‖ ‖ ‖ ∂^{3d}u^{(d)} ∂x^3_1...∂x^3_d ‖ ‖ ‖ ‖ ∞ · B(n, d) · ( 1 14 )d · 8^{−n} (18) and ‖ ‖u^{(d)} − ũ^{(d)}_{n,I} ‖ ‖ 2 ≤ ‖ ‖ ‖ ‖ ∂^{3d}u^{(d)} ∂x^3_1...∂x^3_d ‖ ‖ ‖ ‖ 2 · B(n, d) · ( 17 525 )d/2 · 8^{−n}, (19)

where

B(n, d) := 1 + d−1∑ i=1 ( 7 8 )i · ( n + i − 1 i ) . Consequently, we get for the sparse grid interpolation error u^{(d)} − ũ^{(d)}_{n,I} ‖ ‖u^{(d)} − ũ^{(d)}_{n,I} ‖ ‖ ∞ = O ( 8^{−n}n^{d−1} ) = O ( N^{−3}(log_2(N))^{d−1} ) , ‖ ‖u^{(d)} − ũ^{(d)}_{n,I} ‖ ‖ 2 = O ( 8^{−n}n^{d−1} ) = O ( N^{−3}(log_2(N))^{d−1} ) , (20)

where N = 2^n + 1 denotes the maximum number of grid points in one direction. Thus, in comparison to the standard regular full grid, the accuracy of the interpolation is only slightly deteriorated by the logarithmic factor (log_2(N))^{d−1}. Note that, according to the above argumentation and on the analogy of the piecewise linear case, u^{(d)} has to fulfill the following smoothness requirement:

∂^{3d}u^{(d)} ∂x^3_1 . . . ∂x^3_d

∈ C^0(Ω̄). (21)

With respect to the energy norm, we again have to look at our d-quadratic hierarchical basis function ∏d j=1 g_j(x_j), first: ‖ ‖ ‖ ‖ ‖ d∏ j=1 g_j(x_j) ‖ ‖ ‖ ‖ ‖ 2

E = ∫ +h_1 −h1 ... ∫ +h_d −hd d∑ l=1 ( ∂ ∏d j=1 g_j(x_j) ∂x_l )2 dx_d ... dx_1

= ∫ +h_1 −h1 ... ∫ +h_d −hd d∑ l=1 ∏ j≠l (h^2_j − x^2_j )^2 h^4_j · 4x^2_l h^4_l dx_d ... dx_1

= d∑ l=1 ( 16 15 )d−1 · ∏ j≠l h_j · 8 3 · 1 h_l = 8 3 · ( 16 15 )d−1 · d∑ l=1 h_1 · ... · h_d h^2_l . As above, this result concerning ∏d j=1 g_j(x_j) and (14) are the starting point for standard sparse grid analysis, which finally results in ‖ ‖ ‖u^{(d)} − ũ^{(d)}_{n,I} ‖ ‖ ‖ E = O ( 4^{−n} ) = O ( N^{−2} ) , (22) the desired bound for the sparse grid interpolation error u^{(d)} − ũ^{(d)}_{n,I} with regard to the energy norm. Thus, as in the linear case, the order of the energy error does not deteriorate when we switch from full grids to sparse ones. Since it is a wellknown fact from finite element analysis that the finite element solution ũ^{(d)}_n of a given boundary value problem is a best approximation to the solution u^{(d)} on the underlying grid, we also get the following result concerning the error u^{(d)} − ũ^{(d)}_n of the finite element approximation: ‖ ‖ ‖u^{(d)} − ũ^{(d)}_n ‖ ‖ ‖ E = O ( 4^{−n} ) = O ( N^{−2} ) . (23)

4 First Numerical Experiments

In this section, we report the results of some first numerical experiments concerning the piecewise quadratic hierarchical basis described above. For that, we study the Laplace equation on the unit square with Dirichlet boundary conditions as a simple model problem:

Δu = 0 on Ω̄ = [0, 1]^2,

u = sin(πy) · sinh(π(1 − x)) sinh(π) . Figure (10) shows the approximation to the solution calculated on the regular sparse grid of level 10 and its error.

Figure 10: Sparse grid solution (left) and error (right) of the model problem.

For the solution of the linear system that results from the finite element discretization on the sparse grid, a simple Gauss-Seidel-iteration was used. The numerical results for this model problem are given in table (1). There, n denotes the level of the regular sparse grids considered (i. e., 2^{−n} is the smallest mesh width occurring). ‖e‖_∞ indicates the maximum norm of the sparse grid error u^{(d)} − ũ^{(d)}_n , and ‖e‖_E denotes its energy norm. Finally, ρ_∞ and ρ_E indicate the rates of reduction from level n to level n+1 of the respective error, and dof_n denotes the number of degrees of freedom, i. e. the number of grid points of the respective sparse grid. In table (1) and in figure (11), one can clearly see the O(4^{−n}) = O(N^{−2})-behaviour of the energy norm, and the convergence with respect to the maximum norm turns out to

be just slightly worse than O(8^{−n}), as it was to be expected due to the logarithmic

factor in (20).

n jjejj_∞ ρ_∞ jjejjE ρE dofn

1 2.53 10^{−3} 2.43 10^{−1} 1

2 2.48 10^{−3}

1.02 8.05 10^{−2}

3.02 5 3 9.28 10^{−4}

2.67 2.36 10^{−2}

3.41 17 4 2.96 10^{−4}

3.14 6.26 10^{−3}

3.77 49 5 7.24 10^{−5}

4.09 1.60 10^{−3}

3.91 129 6 1.35 10^{−5}

5.36 4.02 10^{−4}

3.98 321 7 2.18 10^{−6}

6.19 1.01 10^{−4}

3.98 769 8 3.19 10^{−7}

6.83 2.51 10^{−5}

4.02 1793

9 4.38 10^{−8}

7.28 6.29 10^{−6}

3.99 4097

10 5.76 10^{−9}

7.60 1.57 10^{−6}

4.01 9217

11 7.42 10^{−10}

7.76 3.93 10^{−7}

3.99 20481

12 9.41 10^{−11}

7.89 9.82 10^{−8}

4.00 45057

13 1.19 10^{−11}

7.94 2.46 10^{−8}

3.99 98305

14 1.49 10^{−12}

7.97 6.14 10^{−9}

4.01 212993

Table 1: Error on the regular sparse grid of level n.

Figure 11: Rates ρ_∞ and ρ_E of error reduction.

Furthermore, in figure (12), the results for the piecewise quadratic case are compared to the piecewise linear situation. Here, both times, adaptive sparse grids were used. Again, the advantages of the quadratic approach can be seen clearly.

Figure 12: Maximum error vs. number of grid points (linear and quadratic case).

5 Concluding Remarks

In this paper, some first steps towards an efficient implementation of higher order techniques on sparse grids have been discussed. The approach of section 3 leads to hierarchical bases of polynomials of higher degree p > 1, but still results in C^0-(sparse grid)-interpolants. However, the number of degrees of freedom per grid point does not increase with growing p. Obviously, the concepts presented for the quadratic case can be generalized to the situation with cubic polynomials, and so on, which will be in the centre of future work. Finally, h-p-version-type algorithms [1, 11, 12] are to be developed for sparse grids, too.

The following tables (2) and (3) show why higher order techniques on sparse grids seem to be a very promising approach to the efficient numerical treatment of partial differential equations. Each row in both tables corresponds to a fixed number d of dimensions of the underlying problem, and each column stands for a certain polynomial degree p of the basis functions used. If M denotes the overall number of unknowns (i. e., M = N^d for a regular full grid and M = O(N(log_2(N))^{d−1}) or M = O(N), respectively, for regular sparse grids), then, we can indicate the order of approximation with respect to the energy norm by M^{−α}. The entries in both tables now show the respective values of α. For example, if we want to achieve second order with respect to the number of unknowns on full grids, i. e. α = 2, we have to use quadratic polynomials in the one-dimensional case, quartic ones for d = 2, and for three-dimensional problems, even polynomials of degree p = 6 have to be used. With sparse grids, in contrast to that, p does not depend on d. For α = 2, quadratic polynomials are sufficient for arbitrary d.

d\p 1 2 3 4 5 6

1 1 2 3 4 5 6 2 1/2 1 3/2 2 5/2 3 3 1/3 2/3 1 4/3 5/3 2

Table 2: Approximation order M^{−α} for various d and p on full grids.

d\p 1 2 3 4 5 6

1 1 2 3 4 5 6 2 1 2 3 4 5 6 3 1 2 3 4 5 6

Table 3: Approximation order M^{−α} for various d and p on sparse grids.

At this point, we have to go into the smoothness requirements of sparse grid techniques. For the quadratic case, they are given in (21). At first glance, these seem to be quite restrictive, especially for larger p. However, as in the linear case, the inherent h-adaptivity of sparse grid techniques should be able to deal with non-smooth situations, too. Furthermore, we can learn from tables (2) and (3) that, with respect to the overall number of unknowns, sparse grids can manage with smaller values of p than full grids do. Therefore, especially for achieving high approximation quality for three-dimensional problems, sparse grids even turn out to be advantageous regarding smoothness requirements.

Acknowledgements. I am indebted to Prof. Christoph Zenger for many fruitful discussions and suggestions.

References

[1] I. Babuška and M. Suri, The p- and h-p-versions of the finite element method: An overview, Comput. Methods Appl. Mech. Engrg., 80 (1990), pp. 5–26.

[2] R. Balder, U. Rüde, S. Schneider, and C. Zenger, Sparse grid and extrapolation methods for parabolic problems, in Proceedings of the 10th International Conference on Computational Methods in Water Resources, Heidelberg, Juli 1994, A. Peters, G. Wittum, B. Herrling, and U. Meissner, eds., Kluwer academic publishers, 1994.

[3] R. E. Bank, T. Dupont, and H. Yserentant, The hierarchical basis multigrid method, Numerische Mathematik, 52 (1988), pp. 427–458.

[4] T. Bonk, A new algorithm for multi-dimensional adaptive numerical quadrature, in Proceedings of the 9th GAMM-Seminar, Kiel, January 1993, W. Hackbusch, ed., Vieweg, Braunschweig, 1994.

[5] H.-J. Bungartz, An adaptive Poisson solver using hierarchical bases and sparse grids, in Iterative Methods in Linear Algebra: Proceedings of the IMACS International Symposium, Brussels, 2.-4. 4. 1991, P. de Groen and R. Beauwens, eds., Elsevier, Amsterdam, 1992, pp. 293–310.

[6] , Dünne Gitter und deren Anwendung bei der adaptiven Lösung der dreidimensionalen Poisson-Gleichung, Dissertation, Institut für Informatik, TU München, 1992.

[7] H.-J. Bungartz, M. Griebel, D. Röschke, and C. Zenger, Pointwise convergence of the combination technique for Laplace’s equation, East-West Journal of Numerical Mathematics, 2 (1994), pp. 21–45.

[8] H.-J. Bungartz, M. Griebel, and U. Rüde, Extrapolation, combination, and sparse grid techniques for elliptic boundary value problems, Comput. Methods Appl. Mech. Engrg., 116 (1994), pp. 243–252.

[9] M. Griebel, Parallel multigrid methods on sparse grids, in Multigrid Methods III: Proceedings of the 3rd European Conference on Multigrid Methods, Bonn, October 1990, W. Hackbusch and U. Trottenberg, eds., Int. Ser. Num. Math. 98, Birkhäuser, Basel, 1991, pp. 211–221.

[10] , A parallelizable and vectorizable multi-level algorithm on sparse grids, in Parallel Algorithms for Partial Differential Equations: Proceedings of the 6th GAMM-Seminar, Kiel, January 1990, Notes on Numerical Fluid Mechanics 31, W. Hackbusch, ed., Vieweg, Braunschweig, 1991, pp. 94–100.

[11] B. Guo and I. Babuška, The h-p-version of the finite element method (Part 1: The basic approximation results), Computational Mechanics, 1 (1986), pp. 21–41.

[12] , The h-p-version of the finite element method (Part 2: General results and applications), Computational Mechanics, 1 (1986), pp. 203–220.

[13] K. Hallatschek, Fouriertransformation auf dünnen Gittern mit hierarchischen Basen, Numer. Math., 63 (1992), pp. 83–97.

[14] C. Pflaum, A multi-level-algorithm for the finite-element-solution of general second order elliptic differential equations on adaptive sparse grids, SFB Report 342/12/94 A, Institut für Informatik, TU München, 1994.

[15] T. Störtkuhl, Ein numerisches, adaptives Verfahren zur Lösung der biharmonischen Gleichung auf dünnen Gittern, Dissertation, Institut für Informatik, TU München, 1994.

[16] H. Yserentant, On the multilevel splitting of finite element spaces, Numer. Math., 49 (1986), pp. 379–412.

[17] C. Zenger, Sparse grids, in Parallel Algorithms for Partial Differential Equations: Proceedings of the 6th GAMM-Seminar, Kiel, January 1990, Notes on Numerical Fluid Mechanics 31, W. Hackbusch, ed., Vieweg, Braunschweig, 1991.

SFB 342: Methoden und Werkzeuge für die Nutzung paralleler Rechnerarchitekturen

bisher erschienen :

Reihe A

342/1/90 A Robert Gold, Walter Vogler: Quality Criteria for Partial Order Semantics of Place/Transition-Nets, Januar 1990 342/2/90 A Reinhard Fößmeier: Die Rolle der Lastverteilung bei der numerischen Parallelprogrammierung, Februar 1990 342/3/90 A Klaus-Jörn Lange, Peter Rossmanith: Two Results on Unambiguous Circuits, Februar 1990 342/4/90 A Michael Griebel: Zur Lösung von Finite-Differenzen- und Finite- Element-Gleichungen mittels der Hierarchischen Transformations- Mehrgitter-Methode 342/5/90 A Reinhold Letz, Johann Schumann, Stephan Bayerl, Wolfgang Bibel: SETHEO: A High-Performance Theorem Prover 342/6/90 A Johann Schumann, Reinhold Letz: PARTHEO: A High Performance Parallel Theorem Prover 342/7/90 A Johann Schumann, Norbert Trapp, Martin van der Koelen: SE- THEO/PARTHEO Users Manual 342/8/90 A Christian Suttner, Wolfgang Ertel: Using Connectionist Networks for Guiding the Search of a Theorem Prover 342/9/90 A Hans-Jörg Beier, Thomas Bemmerl, Arndt Bode, Hubert Ertl, Olav Hansen, Josef Haunerdinger, Paul Hofstetter, Jaroslav Kremenek, Robert Lindhof, Thomas Ludwig, Peter Luksch, Thomas Treml: TOPSYS, Tools for Parallel Systems (Artikelsammlung) 342/10/90 A Walter Vogler: Bisimulation and Action Refinement 342/11/90 A Jörg Desel, Javier Esparza: Reachability in Reversible Free- Choice Systems 342/12/90 A Rob van Glabbeek, Ursula Goltz: Equivalences and Refinement 342/13/90 A Rob van Glabbeek: The Linear Time - Branching Time Spectrum 342/14/90 A Johannes Bauer, Thomas Bemmerl, Thomas Treml: Leistungsanalyse von verteilten Beobachtungs- und Bewertungswerkzeugen 342/15/90 A Peter Rossmanith: The Owner Concept for PRAMs 342/16/90 A G. Böckle, S. Trosch: A Simulator for VLIW-Architectures 342/17/90 A P. Slavkovsky, U. Rüde: Schnellere Berechnung klassischer Matrix- Multiplikationen 342/18/90 A Christoph Zenger: SPARSE GRIDS

Reihe A

342/19/90 A Michael Griebel, Michael Schneider, Christoph Zenger: A combination technique for the solution of sparse grid problems 342/20/90 A Michael Griebel: A Parallelizable and Vectorizable Multi- Level- Algorithm on Sparse Grids 342/21/90 A V. Diekert, E. Ochmanski, K. Reinhardt: On confluent semicommutations-decidability and complexity results 342/22/90 A Manfred Broy, Claus Dendorfer: Functional Modelling of Operating System Structures by Timed Higher Order Stream Processing Functions 342/23/90 A Rob van Glabbeek, Ursula Goltz: A Deadlock-sensitive Congruence for Action Refinement 342/24/90 A Manfred Broy: On the Design and Verification of a Simple Distributed Spanning Tree Algorithm 342/25/90 A Thomas Bemmerl, Arndt Bode, Peter Braun, Olav Hansen, Peter Luksch, Roland Wismüller: TOPSYS - Tools for Parallel Systems (User’s Overview and User’s Manuals) 342/26/90 A Thomas Bemmerl, Arndt Bode, Thomas Ludwig, Stefan Tritscher: MMK - Multiprocessor Multitasking Kernel (User’s Guide and User’s Reference Manual) 342/27/90 A Wolfgang Ertel: Random Competition: A Simple, but Efficient Method for Parallelizing Inference Systems 342/28/90 A Rob van Glabbeek, Frits Vaandrager: Modular Specification of Process Algebras 342/29/90 A Rob van Glabbeek, Peter Weijland: Branching Time and Abstraction in Bisimulation Semantics 342/30/90 A Michael Griebel: Parallel Multigrid Methods on Sparse Grids 342/31/90 A Rolf Niedermeier, Peter Rossmanith: Unambiguous Simulations of Auxiliary Pushdown Automata and Circuits 342/32/90 A Inga Niepel, Peter Rossmanith: Uniform Circuits and Exclusive Read PRAMs 342/33/90 A Dr. Hermann Hellwagner: A Survey of Virtually Shared Memory Schemes 342/1/91 A Walter Vogler: Is Partial Order Semantics Necessary for Action Refinement?

342/2/91 A Manfred Broy, Frank Dederichs, Claus Dendorfer, Rainer Weber: Characterizing the Behaviour of Reactive Systems by Trace Sets 342/3/91 A Ulrich Furbach, Christian Suttner, Bertram Fronhöfer: Massively Parallel Inference Systems 342/4/91 A Rudolf Bayer: Non-deterministic Computing, Transactions and Recursive Atomicity 342/5/91 A Robert Gold: Dataflow semantics for Petri nets

Reihe A

342/6/91 A A. Heise; C. Dimitrovici: Transformation und Komposition von P/T-Netzen unter Erhaltung wesentlicher Eigenschaften 342/7/91 A Walter Vogler: Asynchronous Communication of Petri Nets and the Refinement of Transitions 342/8/91 A Walter Vogler: Generalized OM-Bisimulation 342/9/91 A Christoph Zenger, Klaus Hallatschek: Fouriertransformation auf dünnen Gittern mit hierarchischen Basen 342/10/91 A Erwin Loibl, Hans Obermaier, Markus Pawlowski: Towards Parallelism in a Relational Database System 342/11/91 A Michael Werner: Implementierung von Algorithmen zur Kompaktifizierung von Programmen für VLIW-Architekturen 342/12/91 A Reiner Müller: Implementierung von Algorithmen zur Optimierung von Schleifen mit Hilfe von Software-Pipelining Techniken 342/13/91 A Sally Baker, Hans-Jörg Beier, Thomas Bemmerl, Arndt Bode, Hubert Ertl, Udo Graf, Olav Hansen, Josef Haunerdinger, Paul Hofstetter, Rainer Knödlseder, Jaroslav Kremenek, Siegfried Langenbuch, Robert Lindhof, Thomas Ludwig, Peter Luksch, Roy Milner, Bernhard Ries, Thomas Treml: TOPSYS - Tools for Parallel Systems (Artikelsammlung); 2., erweiterte Auflage 342/14/91 A Michael Griebel: The combination technique for the sparse grid solution of PDE’s on multiprocessor machines 342/15/91 A Thomas F. Gritzner, Manfred Broy: A Link Between Process Algebras and Abstract Relation Algebras?

342/16/91 A Thomas Bemmerl, Arndt Bode, Peter Braun, Olav Hansen, Thomas Treml, Roland Wismüller: The Design and Implementation of TOPSYS 342/17/91 A Ulrich Furbach: Answers for disjunctive logic programs 342/18/91 A Ulrich Furbach: Splitting as a source of parallelism in disjunctive logic programs 342/19/91 A Gerhard W. Zumbusch: Adaptive parallele Multilevel-Methoden zur Lösung elliptischer Randwertprobleme 342/20/91 A M. Jobmann, J. Schumann: Modelling and Performance Analysis of a Parallel Theorem Prover 342/21/91 A Hans-Joachim Bungartz: An Adaptive Poisson Solver Using Hierarchical Bases and Sparse Grids 342/22/91 A Wolfgang Ertel, Theodor Gemenis, Johann M. Ph. Schumann, Christian B. Suttner, Rainer Weber, Zongyan Qiu: Formalisms and Languages for Specifying Parallel Inference Systems 342/23/91 A Astrid Kiehn: Local and Global Causes 342/24/91 A Johann M.Ph. Schumann: Parallelization of Inference Systems by using an Abstract Machine

Reihe A

342/25/91 A Eike Jessen: Speedup Analysis by Hierarchical Load Decomposition 342/26/91 A Thomas F. Gritzner: A Simple Toy Example of a Distributed System: On the Design of a Connecting Switch 342/27/91 A Thomas Schnekenburger, Andreas Weininger, Michael Friedrich: Introduction to the Parallel and Distributed Programming Language ParMod-C 342/28/91 A Claus Dendorfer: Funktionale Modellierung eines Postsystems 342/29/91 A Michael Griebel: Multilevel algorithms considered as iterative methods on indefinite systems 342/30/91 A W. Reisig: Parallel Composition of Liveness 342/31/91 A Thomas Bemmerl, Christian Kasperbauer, Martin Mairandres, Bernhard Ries: Programming Tools for Distributed Multiprocessor Computing Environments 342/32/91 A Frank Leßke: On constructive specifications of abstract data types using temporal logic 342/1/92 A L. Kanal, C.B. Suttner (Editors): Informal Proceedings of the Workshop on Parallel Processing for AI 342/2/92 A Manfred Broy, Frank Dederichs, Claus Dendorfer, Max Fuchs, Thomas F. Gritzner, Rainer Weber: The Design of Distributed Systems - An Introduction to FOCUS 342/2-2/92 A Manfred Broy, Frank Dederichs, Claus Dendorfer, Max Fuchs, Thomas F. Gritzner, Rainer Weber: The Design of Distributed Systems - An Introduction to FOCUS - Revised Version (erschienen im Januar 1993) 342/3/92 A Manfred Broy, Frank Dederichs, Claus Dendorfer, Max Fuchs, Thomas F. Gritzner, Rainer Weber: Summary of Case Studies in FO- CUS - a Design Method for Distributed Systems 342/4/92 A Claus Dendorfer, Rainer Weber: Development and Implementation of a Communication Protocol - An Exercise in FOCUS 342/5/92 A Michael Friedrich: Sprachmittel und Werkzeuge zur Unterstüt- zung paralleler und verteilter Programmierung 342/6/92 A Thomas F. Gritzner: The Action Graph Model as a Link between Abstract Relation Algebras and Process-Algebraic Specifications 342/7/92 A Sergei Gorlatch: Parallel Program Development for a Recursive Numerical Algorithm: a Case Study 342/8/92 A Henning Spruth, Georg Sigl, Frank Johannes: Parallel Algorithms for Slicing Based Final Placement 342/9/92 A Herbert Bauer, Christian Sporrer, Thomas Krodel: On Distributed Logic Simulation Using Time Warp 342/10/92 A H. Bungartz, M. Griebel, U. Rüde: Extrapolation, Combination and Sparse Grid Techniques for Elliptic Boundary Value Problems

Reihe A

342/11/92 A M. Griebel, W. Huber, U. Rüde, T. Störtkuhl: The Combination Technique for Parallel Sparse-Grid-Preconditioning and -Solution of PDEs on Multiprocessor Machines and Workstation Networks 342/12/92 A Rolf Niedermeier, Peter Rossmanith: Optimal Parallel Algorithms for Computing Recursively Defined Functions 342/13/92 A Rainer Weber: Eine Methodik für die formale Anforderungsspezifkation verteilter Systeme 342/14/92 A Michael Griebel: Grid– and point–oriented multilevel algorithms 342/15/92 A M. Griebel, C. Zenger, S. Zimmer: Improved multilevel algorithms for full and sparse grid problems 342/16/92 A J. Desel, D. Gomm, E. Kindler, B. Paech, R. Walter: Bausteine eines kompositionalen Beweiskalküls für netzmodellierte Systeme 342/17/92 A Frank Dederichs: Transformation verteilter Systeme: Von applikativen zu prozeduralen Darstellungen 342/18/92 A Andreas Listl, Markus Pawlowski: Parallel Cache Management of a RDBMS 342/19/92 A Erwin Loibl, Markus Pawlowski, Christian Roth: PART: A Parallel Relational Toolbox as Basis for the Optimization and Interpretation of Parallel Queries 342/20/92 A Jörg Desel, Wolfgang Reisig: The Synthesis Problem of Petri Nets 342/21/92 A Robert Balder, Christoph Zenger: The d-dimensional Helmholtz equation on sparse Grids 342/22/92 A Ilko Michler: Neuronale Netzwerk-Paradigmen zum Erlernen von Heuristiken 342/23/92 A Wolfgang Reisig: Elements of a Temporal Logic. Coping with Concurrency 342/24/92 A T. Störtkuhl, Chr. Zenger, S. Zimmer: An asymptotic solution for the singularity at the angular point of the lid driven cavity 342/25/92 A Ekkart Kindler: Invariants, Compositionality and Substitution 342/26/92 A Thomas Bonk, Ulrich Rüde: Performance Analysis and Optimization of Numerically Intensive Programs 342/1/93 A M. Griebel, V. Thurner: The Efficient Solution of Fluid Dynamics Problems by the Combination Technique 342/2/93 A Ketil Stølen, Frank Dederichs, Rainer Weber: Assumption / Commitment Rules for Networks of Asynchronously Communicating Agents 342/3/93 A Thomas Schnekenburger: A Definition of Efficiency of Parallel Programs in Multi-Tasking Environments 342/4/93 A Hans-Joachim Bungartz, Michael Griebel, Dierk Röschke, Christoph Zenger: A Proof of Convergence for the Combination Technique for the Laplace Equation Using Tools of Symbolic Computation

Reihe A

342/5/93 A Manfred Kunde, Rolf Niedermeier, Peter Rossmanith: Faster Sorting and Routing on Grids with Diagonals 342/6/93 A Michael Griebel, Peter Oswald: Remarks on the Abstract Theory of Additive and Multiplicative Schwarz Algorithms 342/7/93 A Christian Sporrer, Herbert Bauer: Corolla Partitioning for Distributed Logic Simulation of VLSI Circuits 342/8/93 A Herbert Bauer, Christian Sporrer: Reducing Rollback Overhead in Time-Warp Based Distributed Simulation with Optimized Incremental State Saving 342/9/93 A Peter Slavkovsky: The Visibility Problem for Single-Valued Surface (z = f(x,y)): The Analysis and the Parallelization of Algorithms 342/10/93 A Ulrich Rüde: Multilevel, Extrapolation, and Sparse Grid Methods 342/11/93 A Hans Regler, Ulrich Rüde: Layout Optimization with Algebraic Multigrid Methods 342/12/93 A Dieter Barnard, Angelika Mader: Model Checking for the Modal Mu-Calculus using Gauß Elimination 342/13/93 A Christoph Pflaum, Ulrich Rüde: Gauß’ Adaptive Relaxation for the Multilevel Solution of Partial Differential Equations on Sparse Grids 342/14/93 A Christoph Pflaum: Convergence of the Combination Technique for the Finite Element Solution of Poisson’s Equation 342/15/93 A Michael Luby, Wolfgang Ertel: Optimal Parallelization of Las Vegas Algorithms 342/16/93 A Hans-Joachim Bungartz, Michael Griebel, Dierk Röschke, Christoph Zenger: Pointwise Convergence of the Combination Technique for Laplace’s Equation 342/17/93 A Georg Stellner, Matthias Schumann, Stefan Lamberts, Thomas Ludwig, Arndt Bode, Martin Kiehl und Rainer Mehlhorn: Developing Multicomputer Applications on Networks of Workstations Using NXLib 342/18/93 A Max Fuchs, Ketil Stølen: Development of a Distributed Min/Max Component 342/19/93 A Johann K. Obermaier: Recovery and Transaction Management in Write-optimized Database Systems 342/20/93 A Sergej Gorlatch: Deriving Efficient Parallel Programs by Systemating Coarsing Specification Parallelism 342/01/94 A Reiner Hüttl, Michael Schneider: Parallel Adaptive Numerical Simulation 342/02/94 A Henning Spruth, Frank Johannes: Parallel Routing of VLSI Circuits Based on Net Independency 342/03/94 A Henning Spruth, Frank Johannes, Kurt Antreich: PHIroute: A Parallel Hierarchical Sea-of-Gates Router

Reihe A

342/04/94 A Martin Kiehl, Rainer Mehlhorn, Matthias Schumann: Parallel Multiple Shooting for Optimal Control Problems Under NX/2 342/05/94 A Christian Suttner, Christoph Goller, Peter Krauss, Klaus-Jörn Lange, Ludwig Thomas, Thomas Schnekenburger: Heuristic Optimization of Parallel Computations 342/06/94 A Andreas Listl: Using Subpages for Cache Coherency Control in Parallel Database Systems 342/07/94 A Manfred Broy, Ketil Stølen: Specification and Refinement of Finite Dataflow Networks - a Relational Approach 342/08/94 A Katharina Spies: Funktionale Spezifikation eines Kommunikationsprotokolls 342/09/94 A Peter A. Krauss: Applying a New Search Space Partitioning Method to Parallel Test Generation for Sequential Circuits 342/10/94 A Manfred Broy: A Functional Rephrasing of the Assumption/Commitment Specification Style 342/11/94 A Eckhardt Holz, Ketil Stølen: An Attempt to Embed a Restricted Version of SDL as a Target Language in Focus 342/12/94 A Christoph Pflaum: A Multi-Level-Algorithm for the Finite- Element-Solution of General Second Order Elliptic Differential Equations on Adaptive Sparse Grids 342/13/94 A Manfred Broy, Max Fuchs, Thomas F. Gritzner, Bernhard Schätz, Katharina Spies, Ketil Stølen: Summary of Case Studies in FOCUS - a Design Method for Distributed Systems 342/14/94 A Maximilian Fuchs: Technologieabhängigkeit von Spezifikationen digitaler Hardware 342/15/94 A M. Griebel, P. Oswald: Tensor Product Type Subspace Splittings And Multilevel Iterative Methods For Anisotropic Problems 342/16/94 A Gheorghe Ştefǎnescu: Algebra of Flownomials 342/17/94 A Ketil Stølen: A Refinement Relation Supporting the Transition from Unbounded to Bounded Communication Buffers 342/18/94 A Michael Griebel, Tilman Neuhoeffer: A Domain-Oriented Multilevel Algorithm-Implementation and Parallelization 342/19/94 A Michael Griebel, Walter Huber: Turbulence Simulation on Sparse Grids Using the Combination Method 342/20/94 A Johann Schumann: Using the Theorem Prover SETHEO for verifying the development of a Communication Protocol in FOCUS - A Case Study - 342/01/95 A Hans-Joachim Bungartz: Higher Order Finite Elements on Sparse Grids

SFB 342: Methoden und Werkzeuge für die Nutzung paralleler Rechnerarchitekturen

bisher erschienen :

Reihe B

342/1/90 B Wolfgang Reisig: Petri Nets and Algebraic Specifications 342/2/90 B Jörg Desel: On Abstraction of Nets 342/3/90 B Jörg Desel: Reduction and Design of Well-behaved Free-choice Systems 342/4/90 B Franz Abstreiter, Michael Friedrich, Hans-Jürgen Plewan: Das Werkzeug runtime zur Beobachtung verteilter und paralleler Programme 342/1/91 B Barbara Paech1: Concurrency as a Modality 342/2/91 B Birgit Kandler, Markus Pawlowski: SAM: Eine Sortier- Toolbox -Anwenderbeschreibung 342/3/91 B Erwin Loibl, Hans Obermaier, Markus Pawlowski: 2. Workshop über Parallelisierung von Datenbanksystemen 342/4/91 B Werner Pohlmann: A Limitation of Distributed Simulation Methods 342/5/91 B Dominik Gomm, Ekkart Kindler: A Weakly Coherent Virtually Shared Memory Scheme: Formal Specification and Analysis 342/6/91 B Dominik Gomm, Ekkart Kindler: Causality Based Specification and Correctness Proof of a Virtually Shared Memory Scheme 342/7/91 B W. Reisig: Concurrent Temporal Logic 342/1/92 B Malte Grosse, Christian B. Suttner: A Parallel Algorithm for Setof-Support Christian B. Suttner: Parallel Computation of Multiple Sets-of- Support 342/2/92 B Arndt Bode, Hartmut Wedekind: Parallelrechner: Theorie, Hardware, Software, Anwendungen 342/1/93 B Max Fuchs: Funktionale Spezifikation einer Geschwindigkeitsregelung 342/2/93 B Ekkart Kindler: Sicherheits- und Lebendigkeitseigenschaften: Ein Literaturüberblick 342/1/94 B Andreas Listl; Thomas Schnekenburger; Michael Friedrich: Zum Entwurf eines Prototypen für MIDAS